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Outline of the talk

» Non-Maxwellian distributions
» Kappa distributions in connection with Tsallis statistics
» Inconsistencies in the use of Tsallis entropy

» An alternative: Superstatistics

v

Obtaining kappa distributions from superstatistics

v

Departure from equilibrium in kappa-distributed plasmas
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How to describe non-equilibrium systems?

Laboratory and space plasmas do not always follow the predictions from equilibrium
thermodynamics

Example:
Electron (also ions?) velocities cannot be described by the Maxwellian distribution,

3 2
n mv
P(v|m,T) = (1 / 727IkBT) exp (772kBT>

as one would expect for equilibrium systems.
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Kappa distributions
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The kappa distribution of velocities

The kappa distribution for the velocity v of a particle in a plasma* can be written as

Polk,op) = —- |14 L7 o
O|K,Uth) = 5
1 (0th) K—3vg
0
Here, « is the spectral index and vy, is the 1
so-called thermal velocity, such that
-2
2
mu: -
0 = kT m
2 -4 — K=2
provides a definition of temperature T. =i — Zii

\
—— k=10 \
. \
---- K= (Maxwellian) \

-4 -2 0 2 4
v

The limit k — co of the kappa distribution is the Maxwellian distribution in equilibrium,

P(0|T) = (, / h’;{;qﬂ)?)exp (—%) . (2)

*G. Livadiotis and D. J. McComas. Astrophys. J. 741, 88 (2011).
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The kappa distribution as a g-Maxwellian distribution

By defining the g-exponential function

such that
g} exp, (x) = exp(x),

we can conveniently write the kappa distribution as a g-Maxwellian,

1 mo?
P(U|K,vth) = m equ (_m) P (3)

. 1 K — %
provided that we set g =1+ P and kgTy = (K m 1) kgT.

[ In the limit x — oo we see that g — 1 and Ty — T as expected. ]
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Is the kappa distribution a maximum entropy distribution?

The maximum of the non-extensive (Tsallis) entropy™

EE )

subject to the constraints on the escort expectation

d q (mo? ;
M -7 4) Introduction to
Jdvp(o)T Nonextensive
o Statistical Mechanics
and normallzatlon’ APPROACHING A COMPLEX WORLD
/d'{) p(v) = 1, (5) Constantino Tsallis
is precisely the kappa distribution (g-Maxwellian)
1 mo? 2
— _ . 6 @Spm\ger
p) Z4(To) P ( 2kBTo) (©)

[ Important! Constraining the usual expectation [ dv p(v)(’”Tvz) does not work! ]
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Inconsistencies in the use of Tsallis entropy

Critique of g-entropy for thermal statistics
Michael Nauenberg®
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Inconsistencies in the use of Tsallis entropy

Nonadditive entropy maximization is inconsistent with Bayesian
updating
Steve Pressé”
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A new hope: Superstatistics

Physica A: Statistical Mechanics and its e

Applications

Volume 322, 1 May 2003, Pages 267-275 =

Superstatistics

C.Beck ® & &, E.G.D. Cohen®

Show more v
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https://doi.org/10.1016/S0378-4371(03)00019-0 » Get rights and content 2
Superstatistics replaces the Boltzmann factor exp(—BE) from equilibrium by the mixture

| ap 58 exp(~pE)

of Boltzmann factors at different temperatures weighted by a function f(8) > 0.
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Superstatistics

An example: a mixture of 4 canonical distributions is not itself a canonical distribution

0.304

0.254

0.201

0.15 1

P(E|S)

0.10 1

0.054

0.00*

Moreover, it has the desired long tails!
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The connection between superstatistics and plasmas

Nonthermal and suprathermal distributions as a consequence of
superstatistics

Kamel Ourabah, Leila Ait Gougam, and Mouloud Tribeche®
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The connection between superstatistics and plasmas
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The connection between superstatistics and plasmas

PAPER
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The connection between superstatistics and plasmas

Kappa distribution from particle correlations in nonequilibrium,
steady-state plasmas

Sergio Davis ®12*, Gonzalo Avaria3, Biswajit Bora'?, Jalaj Jain', José Moreno'?, Cristian Pavez'2, and Leopoldo Soto (12
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Superstatistics as a full statistical framework

Superstatistics is the unique theory where the inverse temperature g := 1/ (kgT)
is a random variable with its own probability density P(B|S).

» The joint distribution of B with the microstates T = (r1,...,#N,P1,--.,PN) IS

_ _ [ep (= pHT)
P(T, B|S) = P(T[B)P(B[S) = [ 0 }P(ﬁls)- (7)
» By integrating out g we arrive at the family of superstatistical ensembles
_ [ exp(=pH(T)) | _ .
paris) = [ apepls) | SR — puirs) ®

which can be understood as a “deformation” of the canonical ensemble.

» The ensemble function p(E;S) is given by

pE:S) = [ dBF(piS) exp(—pE) where £(p;S) = T,

In other words, it is the Laplace transform of f(8).
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Superstatistics and the kappa distribution

The kappa distribution follows from superstatistics with P(8|S) a gamma distribution,

ATy np——— Y ]

. <(5AB)2>14 [55 . .
with Bs = (B), g, the meanand u:= (/57)2 the relative variance.
’ s
08 — mean
0.7 ---- mode
0.6
30 The most probable value
S04 (mode) is given by
o3 .
B*:=Ps(1—u)<Ps
0.2
0.1
0.0
0 1 2 3 4
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Superstatistics and the kappa distribution

The original parameters (x, vy,) of the kappa distribution are given in terms of (u, Bs) as

1 1 mo3, 1
K=—+4+ = N —
u 2 2 (1—u)Bs

and we see that u — 0 is equivalent to x — oo (Maxwellian). In fact,

lim P(Blu,Bs) = 6(B — Bs) (9)
therefore we recover the canonical ensemble as
o _BeE
lim (e, ) = limy | [~ dp 7 (B, i) exp(—pE) | = “EZEEL (1o
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Two invariant quantities in non-equilibrium steady states

Bs = <ﬁ'>s U:= <(5.B)2>5
Environment Environment
B B
Bs =8 U=u
From U/ and Bs we can define the dimensionless index
u
u:= (11)
(Bs)?
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Distribution of single-particle kinetic energies

N, :2 1+u
-7{ — u=023 Bs(1+u)
_gl — u=o04 o
— u=05 .
—91 .
0 2 4 6 8 10
Kk
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Equipartition and uncertainty in kinetic energies

The mean and relative variance of k in the kappa distribution in terms of (u, Bs) are

3 1

(k) ps = 38— (14)

and
<(5k)2>u,/35 _ 2+4u 15
<k>f¢,ﬁs T 3(1—2u) (15)

respectively. It follows that u < 1/2, and then x > 5/2.

» Equipartition holds, not for the mean Bg but for the most probable value g*
» From the mean and variance of k we can infer u and B, thus fitting the distribution

» Higher moments of k may be used to construct statistical tests for detecting kappa
distributions

©),g = 5" 1T (1) (16)

m=1
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Distance from equilibrium in kappa distributions

PAPER

A superstatistical measure of distance from canonical
equilibrium

Sergio Davis
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The distance from equilibrium in superstatistics turns out to be identical to the mutual
information between v and B,

7= ([ miging) ). a

In the case of particles with kappa-distributed velocities,

2l (z)
I'(z)

D(x) decreases monotonically with increasing «, with D = 0 only for x — oo.

D(x) =D(x+1) - d(x—1/2) — 3 ] where ®(z) := —InT(z).

2
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Concluding remarks

» Superstatistics provides an elegant explanation for the origin of kappa
distributions, without abandoning the Gibbs-Boltzmann entropy

» The inverse temperature distribution can be written in terms of new, invariant
parameters u and Bs, where u measures temperature uncertainty

» The distance from equilibrium in a kappa-distributed plasma has a one-to-one
correspondence with the parameter « (also with u)

» Perhaps kappa distributions are “universal” models that could also be used to
describe laboratory (fusion?) plasmas
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